
Eigenfunctions Worked Example    Differential Equations  X. Du 

 

 Suppose we have a one-dimensional box of length L, where L  +
. Suppose we have the 

linear operator
2

2

dx

d
D  subject to the boundary conditions 0)0( y and 0)( Ly . Find all 

eigenvalues and eigenfunctions y of D subject to these boundary conditions. 

o yDy   yy "  0"  yy   

o Characteristic equation: 02 r . r  

o Case 1: 0 . r . Two real roots. General solution: xx ececy   21 . 

Substitute to solve BVP. 0)0( 21  ccy .
12 cc  . 0)( 21    LL ececLy . 

011    LL ecec . 0)(1    LL eec . 

 Case 1a: 01 c . Then 02 c , 0y . This is the trivial solution. 

 Case 1b: 0   LL ee .  LL ee  .  LL  . 0L . Since L 

is positive, 0L . 00   in this case, so 0L is a contradiction. 

Case 1b does not exist. 

o Case 2: 0 . 0r . One repeated root. General solution: xccy 21  since 0r . 

0)0( 1  cy . 0)( 2  LcLy . Since 0L , 02 c . So, 0y . Trivial solution 

again. 

o Case 3: 0 .  ir . Two complex roots. General solution: 

xcxcy   sincos 21 . Substitute. 0)0( 1  cy . 0sin)( 2  LcLy  . 

 Case 3a: 02 c . Then 0y . Trivial solution. 

 Case 3b: 0sin  L . By the properties of the sine function, 

 nL  , where n   . 
L

n
  .
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22
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L

xn
cy


sin2 is the 

general solution. 

o Answer: eigenvalues:
2

22

L

n 
  , eigenfunctions:

L

xn
cy


sin  

 Does this answer look familiar? It’s a component of the Fourier sine series, and it’s not a 

coincidence – this is one way of coming up with that specific component of the Fourier 

sine series. This has to do with properties of Hermitian operators and Sturm-Liouville 

theory. 

o However, note that this is not a Sturm-Liouville problem. Its boundary conditions 

do not meet the criteria. 

 

 Try this example: Suppose we have a one-dimensional box of length 2L, where L  +
. 

Suppose we have the linear operator
2

2

dx

d
D  subject to the periodic boundary conditions

)()( LyLy  and )(')(' LyLy  . Find all eigenvalues and eigenfunctions y of D subject 

to these boundary conditions. 

o Note that the answer should look familiar. Check your work if it doesn’t. 


